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Technical Comments

Brief discussion of previous investigations in the aerospace sciences and technical comments on papers published in the Journal of Guidance, Control, and
Dynamics are presented in this special department. Entries must be restricted to a maximum of 1000 words, or the equivalent of one Journal page including
formulas and figures. A discussion will be published as quickly as possible after receipt of the manuscript. Neither the AIAA nor its editors are responsible for
the opinions expressed by the correspondents. Authors will be invited to reply promptly.

Comment on “Conjecture
About Orthogonal Functions”

Stephen D. Hendry*
AlliedSignal Technical Services Corporation,
Columbia, Maryland 21045

Introduction
HE conjecture of Ref. 1 may be paraphrased as follows. As-
sume a set of real functions {¢g, ¢, ...}, orthonormal with
respect to a weighting function w(x) on a finite interval [a, b]. As-
sume also that, for each n > 0, the nth orthogonal function has n
simple zeros {xi, x,, ..., x,} in the interior of [a, b]. Then there
exists a set of weights {w;, ws, ..., w,} so that the following is an
orthonormal basis for R":
Y, = [wid,— 1 (X)), 020, _1(X2), ..., WP, _ 1(xn)]T,

1<r<n

The conjecture is equivalentto the following matrix relations:

do(x1) i (x) Gn—1(x1)
_ Do (x2)  Pi(x2) Gn—1(x2)
¢0('xn) ¢1 ('xn) ¢n - l(xn)
@ 0 - 0
o 0 o
0 ?

I=0o"Q0, Q=@ '@ '=@o")!, Q'=0o’
Because the inverse of a diagonal matrix must be diagonal, the con-
jecture says that the n vectors must be orthogonal, and the weights
simply normalize them.

The conjecture is not true in general but is true for orthonormal
polynomials. In fact, for orthonormal polynomials on the finite in-
terval, the conjecture is implied by the Gauss quadrature formula
(Ref. 2, pp. 18, 19) and the weights are the square roots of the

Christoffel numbers.

Gauss Quadrature Formula

Given {pg, pi, ...}, orthonormal polynomials on [a,b] with
weighting function w(x), where the polynomials are ordered by
their degree, then the zeros of each polynomial are distinct and lo-
cated in the interior of [a, b] (Ref. 2, p. 14). For any polynomial
f(x) of degree 2n — 1 or less and the roots {x;, x,, ..., x,} of the
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nth orthogonal polynomial, the Gauss quadrature formula, where
the constants A, are known as the Christoffel numbers, is

n—1

1 2
= ;pm (%)

b n
/ w) £ ) dv = Y f ().
a k=1

In particular, the product of two orthonormal polynomials of degree
less than n is certainly a polynomial of degree less than 2n — 1, so

b n
/ W) p, ()P dy = Y p,(x)p, (e =6,

a k=1
Wi = )\k

Orthogonal Polynomials
In Table 1 of Ref. 1, cases 1, 2, 4, and 7 are all sets of orthog-
onal polynomials, and so the Gauss quadrature formula applies.
For the three cases that are not explicitly listed as polynomials,
the substitution y = cos 7x gives sets of orthonormal polynomials ?
For example, substituting into the set {/2sinkmx}, we obtain
the weighting function w(y) =[2(1 — y?)]°3 and the polynomials

1,2y,3y?> — 1, ... for y in the interval [—1, 1].

Nonharmonic Sinusoids

The putative verification of the case of nonharmonic sines {¢, =
sin Byx} given in Egs. (11a-14) and the subsequent paragraph of
Ref. 1 (p. 199)is in error. Equation (12) gives the zeros of cos B, ;. | X
ratherthan of ¢, ; ;. These numbers are used in Egs. (13) and (14) to
generate weights that are irrelevant to the stated problem. Note that
the zeros of sin Bex are listed correctly in the paragraph following
Eq. (14).

The conjecturewas tested for this case by forming the 5 x 5 matrix
@ whose columns are the functions ¢; = a; sinB;x, k =1,2,...,
5, evaluated at the zeros of sin Bex:

2(B2 +4)
B+ 6

ap =

and gy is the solution of B cot B, +2 = 0.
The values of 8, were found using the MATLAB® fzero function.

ap, k=1,...,6:
1.28222570593341, 1.36913086305514, 1.39430748771277,
1.40336232749620, 1.40745711060934, 1.40962231948560
B, k=1,...,6:
2.28892972810340, 5.08698509410227, 8.09616360322292,
11.17270586832998 14.27635291833648, 17.39324396459475
Zeros:
0.18062143324067, 0.36124286648135, 0.54186429972202,
0.72248573296269, 0.90310716620337
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0.5151 1.0883 1.3861 1.2653  0.7512
0.9435 1.3207  0.3001 —1.0944 —1.2705
®=|1.2128 05144 —1.3212 -0.3187 1.3976
1.2778 —0.6965 —0.5861 1.3701 —1.0934
1.1275 —1.3596  1.1943 —-0.8664  0.4517

5.5305 0.0076 —0.0076  0.0066 —0.0045

0.0076 ~ 5.5266  0.0098 —0.0086  0.0059

®'® =|-0.0076 0.0098 55266  0.0088 —0.0063
0.0066 —0.0086  0.0088  5.5282  0.0061

—0.0045  0.0059 —0.0063  0.0061 5.5314

So the columns of @ are not orthogonal.

Summary

The conjecture about orthogonal functions proposed in Ref. 1
has been shown to be implied by a classical theorem in the case
of orthogonal polynomials and to be not necessarily true for other
orthogonal functions.
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Reply by the Author
to S. D. Hendry

Larry Silverberg*
North Carolina State University,
Raleigh, North Carolina 27695-7910

N “Conjecture About Orthogonal Functions,” I presenteda con-

jecture “...to provoke insight that could lead to a proof of the
conjecture at a later date.” That insight came from Stephen Hendry
in his comment about that paper. Hendry showed that the conjecture
follows from a theorem givenin the 1939 textbookentitled Orthogo-
nal Polynomialsby Szego.? The theorem is called the Gauss-Jacobi
quadraturetheorem, althoughcontributionsto the theorem were also
made by Christoffel, Mehler, and Heine.*~® The theorem is stated
as follows.

If x; < x; < --- < x, denote the zeros of the polynomial p, (x),
there exist real numbers A, A,, ..., A, such that

b
/ p(wx)d(x) = Ajp(x1) + Azp(x2) +--- Ap(x,) (1)

a

The function p(x) is a linear combination of the ordered orthogonal
polynomials py(x), pi(x), ..., P, —1(x),and w(x) is the associated
weighting function 2

The coefficients A, A,, ..., A,, which are called Christoffel
numbers, are associated with a set of orthogonal polynomials and
the number n of orthogonal polynomials. This remarkable theo-
rem produces an exact quadrature of functions contained in a 2n-
dimensional space by summing n terms regardless of the functions
in that space!
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As Hendry stated, letting p(x) = p,(x)p,(x) (r = s = 1,2,
...,n) in Eq. (1) reduces Eq. (1) to a transformation between the
orthogonality condition for functions and the orthogonality condi-
tion for n-dimensional vectors, which is precisely the conjecturein
Ref. 1. It was this conjecture that was used to develop a method of
controlling transient vibration in distributed systems.!

Hendry also pointed out for a particular orthogonal set of sinu-
soidal functionstreated in Ref. 1 that the conjecture was violated. It
should also be pointed out that, whereas the conjecture was violated
for that set of orthogonal functions, the conjecture was still accu-
rate to three decimal places, indicating an additional strength of the
Gauss-Jacobi quadrature theorem—that as a practical matter it can
be applied to more than orthogonal polynomials.

While on the topic of the Gauss-Jacobi quadrature theorem, it is
interesting to observe that letting p(x) = p,(x)w(x,t) in Eq. (1)
reduces it to a quadrature of the rth modal coordinate, i.e., a modal
filter.” The quadratureis exactif w (x, ) is containedin the (2n —r)-
dimensional space generated by the orthogonal polynomials.

Finally, the proof of the Gauss-Jacobi quadrature theorem,
Eq. (1), is given in the Appendix for the reader’s benefit.?

Appendix: Proof of Gauss-Jacobi Quadrature Theorem

Equation (1) is now derived. As preliminaries, we obtain the or-
thogonal polynomials py(x), p;(x), ..., p,(x) by orthogonalizing
1,x,x2%,...,x". They are unique provided p,(x) is a polynomial
of precise degree r in which the coefficient of x” is positive and
provided that

b
/ Pr(x)ps()w(x)d(x) =6, (r,s=1,2,...,n)

a

We let w(x) representa weighting function, assumed to be nonneg-
ative and measurablein the Lebesgue’s sense and such that

b
/ w(x)dx) >0

a

Depending on the limits of integration and on the weighting func-
tion, we obtain such classical orthogonal polynomials as Jacobi,
Laguerre, Hermite, ultraspherical, Tchebichef of the first and sec-
ond kinds, and Legendre.

A functionin the linear space generated by the orthogonal poly-
nomials up to order # is said to be contained in 7,. Notice that

b
/ pr(xX)p@w(x)dx =0

a

if p(x) is in 7, _;, from which it follows that

b
/ prx)x*wx)dx =0

a

(s=1,2,...,r=1)

Next, notice that the orthogonal polynomialssatisfy the Christoffel-
Darbouxrecursiveformula p, (x) =(A,x+B,) p,_1(x)—C, p, _»(x)
(r=2,3,...,n),inwhich A, =k, /k,_; > 0and C, =a, /a, _, =
k,k,,z/kr{1 > (0 and where k, is the highest coefficient of p, (x).
To prove this, first determine A, so that p,(x) — A, xp, _(x) liesin
7, _ . Then look at

b
O:/ pr('x)pr—Z(x)w('x)d('x)

a

to obtain C,. Next, consider the important identity of the form
Po)po(y) + pr)pi(y) + oo+ PP (0) = (Ka/ Kyt 1)
[Pa+1(X) pu(¥) = Px(X) Py 1(¥)]/(x — ¥), which follows from the
Christoffel-Darboux recursive formula. Also, when x = y, notice
that this important identity reduces to pZ(x) + pi(x) + - - - + p2(x)
= (ky/kn 1+ DIP 4 (X)Pu(x) = P (%) Puy 1 (X)].

Now we approximate any p(x) in m,_ using the Lagrange in-
terpolation polynomial of degree n — 1, written



